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We analyze the depolarization of ultracold neutrons confined in a magnetic
field configuration similar to those used in existing or proposed magneto-
gravitational storage experiments aiming at a precise measurement of the neu-
tron lifetime. We use an approximate quantum mechanical analysis such as
pioneered by Walstrom et al [Nucl. Instrum. Methods Phys. Res. A 599, 82
(2009)]. Our analysis is not restricted to purely vertical modes of neutron mo-
tion. The lateral motion is shown to cause the predominant depolarization loss
in a magnetic storage trap.
1. Introduction
The neutron lifetime τn is an important parameter in tests of the Standard
Model of particle physics. It also affects the rate of helium production in the
early universe and the energy production in the sun. The current Particle
Data Group (PDG) average is τn = 880.1± 1.1 s.1 However, the value of one
experiment,2 which reported the lowest measurement uncertainty, namely
∼ 0.8 s, is located some 3.5 s below the bulk of other data in the PDG
collection.3–8 The latter are consistently grouped around 882.0 s (± 1.0
s).9 As a possible way of advancing this field, storage of polarized ultracold
neutrons (UCNs) in a magnetic trap has been pioneered by Paul et al.10
and is currently being pursued vigorously by several groups worldwide.11–15
In magnetic traps there are no wall losses, the slow loss due to quasi-stable
orbits is serious but believed to be manageable by avoiding regular orbits,14
and the potential loss due to depolarization, defined as spin flip relative to
the local field direction, is argued to be negligible.
Until recently UCN depolarization estimates16,17 have been based on
Majorana’s quasi-classical result of 193218 for a free polarized particle with
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magnetic moment moving with constant velocity vector through a non-
uniform static magnetic field of specific form. For magnetic field parame-
ters as currently used or proposed for UCN storage, D would be of order
exp(−106), thus immeasurably small. Recently, Walstrom et al.14 pointed
out that the values of D for confined, rather than freely moving, neutrons
are much larger. For a UCN moving along a vertical path in the storage
system proposed by them, D was estimated to be in the range D ∼ 10−20
to 10−23. This is much larger than the Majorana value but still negligible
in any actual or projected neutron lifetime experiment.
Using a simplified model of magnetic field distribution we extend that
theory to include arbitrary UCN motion with both vertical and horizontal
velocity components, confined to the vertical space between upper and lower
turning points that depend only on the UCN energy for vertical motion. In
our model (introduced in Sec. 2) the magnetic field magnitude B is uniform
within any horizontal plane, so there is no horizontal component of magnetic
force. Therefore the neutron moves with constant velocity in the horizontal
z- and x-directions. We show that D could reach a level approaching the
tolerance limit for a high-precision neutron lifetime measurement unless
precautions are taken.
Our model field is close to the “bathtub configuration” of Ref. 14 but
the lateral confinement of UCNs, achieved there by double curvature of the
magnetic mirror, is simulated differently. The magnetic mirror is horizon-
tal and extends to infinity in both lateral dimensions. However, one could
imagine the presence of ideal vertical mirrors reflecting the UCNs back and
forth in the horizontal directions without any change in the analysis. More
specifically, we use an infinite ideal planar Halbach array,19 which is free of
the field ripples present in actual realizations.14
The topic of UCN depolarization in magnetic storage or in mirror re-
flection in a magnetic field raises interesting questions of quantum inter-
pretation. We postulate that the depolarization rate expected for a UCN
magnetic storage experiment is determined by the current of UCNs in the
“wrong” spin state. Neutrons in this (high-field seeking) state exit the
system at the lower and upper turning points, whereas neutrons in the
“correct” (high-field repelled) state are reflected and return to the storage
space. Exiting neutrons could be counted by detectors placed just outside
the turning points. In the Copenhagen interpretation, such a measurement
(actual or hypothetical) resets the UCN wave function to a pure state of
high-field repelled neutrons. The spin state then evolves as described by the
spin-dependent Schro¨dinger equation (or its semi-classical analog) until the
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next “measurement” takes place and the reset is repeated. A more compre-
hensive report of the present work can be found in Ref. 22, where we have
also analyzed UCN depolarization in reflection from a nonmagnetic mirror
placed into a nonuniform magnetic field.
2. Magnetic field distribution
As illustrated in Fig. 1, an ideal Halbach array19 of permanent magnets of
thickness d covering the (zx)-plane generates a magnetic field
BH(x, y) = B0e
−Ky(xˆ cosKx− yˆ sinKx), (1)
where B0 = Brem(1− e−Kd) is determined by the remanent field Brem. We
choose similar parameters as in Ref. 14: L = 2pi/K = 5.2cm, d = 2.54cm
and B0 = 0.82T.
Fig. 1. The arrows show the Halbach magnetic field BH as it rotates in the (xy)-plane.
Its magnitude BH decreases exponentially with height y and is represented by the arrow
length using a log scale. The stabilization field B1 in the z-direction increases slowly
with y as symbolized by the crosses of variable size.
In the actual scheme,14 the uniform rotation is replaced by dividing the
rotation period L into four blocks, each of length L/4 and with the same
magnetization M , but with an angle of 90◦ between the directions of M in
adjacent blocks (schematically represented as ... ←↓→↑← ...). Alternative
designs are in the form of vertical or horizontal cylinders.11–13,15
For the stabilization field we use B1 = zˆB10ρ/(ρ−y) with ρ = 1.5 m. In
Ref. 14 a value of 0.05 to 0.1 T was proposed for B10. We consider similar
field strengths down to the mT range.
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3. Basic equations
The wave function for a UCN moving in the magneto-gravitational field of
the trap is a linear superposition of the two eigenstates of the magnetic
moment interaction Hamiltonian,
Hm = −µnσ ·B, (2)
where µn = −1.913µN is the neutron magnetic moment in terms of the
nuclear magneton µN = 0.505 × 10−26 J/T, σ is the Pauli spin operator,
and B is the local magnetic field. The two eigenstates χ+ and χ− of Hm
satisfy the eigenvalue equations,
Hmχ± = ±|µn|Bχ±, (3)
with spin parallel and antiparallel to B, respectively. These spin eigen-
functions are obtained by spin rotation from the z-axis to the direction
of B through angles θ and φ. The polar angle is θ = cos−1(Bz/B) =
sin−1(Bxy/B), where Bz = B1 is due to the bias field B1 and Bxy = BH is
the magnitude of the Halbach field BH . The azimuthal angle in the (xy)-
plane is φ = sin−1(By/Bxy) = tan−1(By/Bx).
For the Halbach field configuration (1) we have φ = −Kx. Thus φ de-
pends only on x, while θ depends only on y. Performing the spin rotation
through angles θ and φ we obtain for the spin basis vectors with quantiza-
tion axis along B,
χ− =
(
e−s
−c
)
, χ+ =
(
c
e+s
)
, (4)
where s = sin(θ/2), c = cos(θ/2) and e± = exp(±iφ) = exp(∓iKx). We
write the dependence of the wave function on position and spin in the form
χ = α(3)(x, y, z)χ+ + β(3)(x, y, z)χ−, (5)
where we have used the superscript ”(3)” to indicate that α(3)(x, y, z),
β(3)(x, y, z) are functions of the three space coordinates. By contrast, the
functions α(y) and β(y), introduced below, depend on y only. χ satisfies
the eigenvalue equation,
Eχ =
[
− ~
2
2m
∇2 +mgy + |µn|σ ·B
]
χ, (6)
for a neutron of mass m with constant total energy E moving in a uniform
gravitational field of magnitude g and a non-uniform magnetic field B.
As in Ref. 14 we use the WKB approximation23 and keep only terms
that contain the derivatives of the field variables (θ and φ) in lowest order.
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Their variation is on the scale of centimeters whereas the waves in real
space, α(3) and β(3), vary on the micrometer scale, i.e. ∼ 104 times faster.
With the UCN initially in a pure (+) spin state, we obtain
∇2χ = (α(3)xx + α(3)yy + α(3)zz )χ+
+ [β(3)xx + β
(3)
yy + β
(3)
zz + e
−iKx(−θyα(3)y + iKα(3)x sin θ)]χ−, (7)
for scenarios where |β(3)|  |α(3)| holds. The expressions multiplying
χ+ and χ− can be simplified by noting that the x- and z-dependences
of α(3) have the plane-wave form eikxxeikzz and β(3) is proportional to
e−iKxeikxxeikzz. The wave numbers kx and kz are constant and e−iKx rep-
resents a Bloch-wave modulation due to the periodicity of the Halbach field.
In practice, kx and kz are of order µm
−1, thus much larger than K and θy,
both of which are of order cm−1. Thus we can factor Eq. (7) in the form
∇2χ = eikxxeikzz{[α′′ − (k2x + k2z)α]χ+
+ e−iKx[β′′ − (k2x + k2z)β − (θ′α′ +Kkxα sin θ)]χ−}, (8)
simplifying the notation. In Eq. (8) and henceforth, α(y) and β(y) stand for
the y-dependent parts of the wave function only, and differentiation with
respect to y is denoted by primes. We also drop the subscript y. We thus
write α(3)(x, y, z) = α(y)eikxxeikzz and β(3)(x, y, z) = β(y)e−iKxeikxxeikzz.
Substituting Eq. (8) into the eigenvalue equation (6) gives14 two coupled
equations, one for spinor χ+ and the other for χ− :
Eα = − ~
2
2m
[
α′′ − (k2x + k2z)α
]
+mgyα+ |µn|Bα (9)
and
Eβ = − ~
2
2m
[
β′′ − (k2x + k2z)β − (θ′α′ +Kkxα sin θ)
]
+mgyβ − |µn|Bβ.
(10)
The WKB solution of (9) is14
α(y) = k
−1/2
+ (y) exp
(
± iΦ+(y)
)
, (11)
where
~2k2±(y)
2m
= E − ~
2
2m
(
k2x + k
2
z
)
+mg(y0 − y)∓ |µn|B(y). (12)
Here y0 is the greatest height a neutron of energy E and given kx and kz
would reach in the gravitational field if the magnetic field were switched
off, and Φ+(y) =
∫ y
ys
k+(u)du is the phase angle for the + spin state, accu-
mulated between the start of vertical motion and the position y. The initial
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height ys for motion upward is assumed to be that of the lower turning
point, thus ys+ = yl, and for motion downward the initial level is taken
at the upper turning point, ys− = yu. The additional + or − sign in the
argument of the exponential function in (11), in front of Φ+, refers to this
direction of the motion; + for upward and − for downward, as in Ref. 14.
The WKB wave function (11) is normalized to a constant particle flux
~/m in y-direction. For the spin-flipped UCNs, the flux in the y-direction
is the measure of the probability of depolarization, as shown below. At the
classical turning points, where k+ = 0, the WKB form (11) diverges and
has to be replaced by the Airy function.14 Matching the Airy function to
the WKB approximation is described in detail in Ref. 22.
It follows from Eq. (10) that the wave function β(x, y) for the spin
flipped component is determined by the inhomogeneous second-order dif-
ferential equation,
β′′(y) + k2−(y)β(y) = θ
′(y)α′(y) +Kkxα(y) sin θ(y), (13)
and may be written14 in the WKB form
β(y) = k
−1/2
− (y) exp
(
± iΦ−(y)
)
f(y), (14)
where the function f(y) modulating the WKB wave represents the ampli-
tude of spin flip. The phase accumulated since the start at a turning point,
Φ−(y) =
∫ y
ys
k−(u)du, always has a larger magnitude than the phase Φ+(y)
for α(y) since k− is greater than k+ (except in zero magnetic field).
Thus the governing equation for β(y) is the second-order differential
equation
β′′(y) + k2−(y)β(y) = [±ik+θ′(y) +Kkx sin θ(y)]α(y). (15)
We have carried out the differentiation of α(y) using the WKB rule with
the result α′ = ±ik+α(y), where the + sign applies to upward motion and
the − sign to downward motion. This replacement is valid except within a
few µm of the turning points.
Our Eq. (15) is consistent with Eq. (28) of Ref. 14 except for the addi-
tional, kx-dependent term on the right-hand side. It is present because we
include motion with finite lateral momentum ~kx. We will show that this
new term dominates the UCN depolarization, since UCNs moving in x-
direction are exposed to the strong field ripple due to the rotating Halbach
field, in our model field as well as for the “bathtub system”.14
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4. Depolarization in magnetic storage
It has been shown in Ref. 22 that Eq. (15) can be solved by straightforward
integration. For the downward motion we obtain
β(y) = k
−1/2
− (y)P (y) exp
(
− iΦ+(y)
)
, (16)
where P (y) = [iU(y) + V (y)]/W (y), U(y) = −√k+k−θ′, V (y) =√
k−/k+Kkx sin θ. W (y) = k2−(y) − k2+(y) = (4m/~2)|µn|B(y) depends
only on the magnitude B(y) of the local magnetic field.
The phase Φ+ (with the index +) indicates that this wave for the (−)
spin state propagates, not with wave number k−, but with the same wave
number k+ as the (+) spin state, as it should.
Equation (16) represents a particular solution of (15) and we could add
any solution βh±(y) of the homogeneous equation β′′h(y) + k
2
−(y)βh(y) = 0.
In the WKB framework, these solutions are βh±(y) = C±k
−1/2
− (y) exp
( ±
iΦ−(y)
)
with arbitrary constants C±. These functions represent a constant
current in the upward (downward) direction for the + (−) sign. Thus the
same current enters and exits the storage space, resulting in a zero contri-
bution to the net flux out and, therefore to the depolarization.
Reverting to solution (16), we identify the net depolarization over the
path from upper turning point yu to yl as the current of spin-flipped UCNs
at the endpoint yl. This current represents the net flux out of the storage
space since no flux enters at yu.
At an arbitrary position y along the way the current j−(y) is given by
j−(y) =
~
m
Re
[
iβ∗(y)
(
dβ
dy
)]
,
=
~
m
(
k+
k−
)
|P |2 = ~
m
k2+θ
′2 +K2k2x sin
2 θ
(k2− − k2+)2
. (17)
The depolarization probability (m/~)j−(y) is plotted in Fig. 2 for UCNs
with energy for vertical motion determined by the “drop heights” y0 = 10
cm and 45 cm, a bias magnetic field B10 = 0.005 T and vx = 3 m/s. As
in Ref. 14 we see a sharp peak at the y-position where θ′ is large, and a
decrease as the particle drops further down. The third curve in Fig. 2 is for
y0 = 45 cm, B10 = 0.005 T and vx = 0. The peak value and the decrease
on the upper side are quite similar. Below the peak position the curve for
vx = 0 decreases faster than for vx = 3 m/s.
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Fig. 2. Depolarization probability, given by Eq. (18) multiplied by m/~, as a function of
neutron position for drop heights y0 = 450 mm and 100 mm, stabilization field parameter
B10 = 0.005 T, and neutron velocity component vx = 3 m/s or zero. The sharp peak
occurs in the region where the gradient of field angle θ is largest.
The current leaving the storage space at y = yl is
jl =
~
m
(
k+l
k−l
)
|Pl|2 = ~
m
k2+lθ
′
l
2
+K2k2x sin
2 θl
(k−l2 − k2+l)2
=
~
m
K2k2x
k4−l
sin2 θl, (18)
where the index l refers to the values at y = yl and the last expression uses
the fact that k+ vanishes at the turning points.
The dependence of (18) on the field variables is established by noting
that sin2 θ = B2H/B
2, k4−l ∼ B2l and K2k2x = (m/~)2ω2, where ω = 2pivx/L
is the frequency of the Halbach field as seen by the moving UCN.
For upward motion from yl to yu we get the result for the current (18)
with all indices l replaced by u. The quantities relevant for the spin-flipped
current leaving the system at the upper turning point are determined by
the field angle θu and by k−u at yu. The combined depolarization loss for
one reflection on the magnetic field, i.e. for one complete round trip down
and up thus becomes
m
~
(jl + ju) = K
2k2x
(
sin2 θl
k4−l
+
sin2 θu
k4−u
)
. (19)
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In magnetic storage the UCNs have positive and negative velocities in any
direction and, for a low-energy Maxwell spectrum, with uniform probability
density in phase space. Thus we replace k2x by its mean value, k
2
x,max/3, for
−kx,max < kx < +kx,max.
As a final step we establish the explicit connection between the mean
loss current and the rate of depolarization, τ−1dep, which should be negligible
compared to the neutron β-decay rate in a neutron lifetime measurement.
For given neutron energy for vertical motion, i.e. fixed turning heights at
yl and yu, the depolarization rate (in s
−1) is determined by the loss current
divided by the number of UCNs in the field-repelled spin state present in
the trap,
N = 2
∫ yu
yl
|α(y)|2dy = 2
∫ yu
yl
1
k+(y)
dy. (20)
We have used |α(y)|2 as the density and the factor 2 takes into account
that both downward and upward moving UCNs are in the trap at the same
time.
Since k+ = (m/~)v+ and dy = v+dt, the expression in (20) equals
(~/m)T where T is the time required for one round trip down and up.
Thus, the depolarization rate is
τ−1dep =
〈jl + ju〉
N
=
m
~
〈jl + ju〉
T
= K2
(
k2x,max
3
)(
sin2 θl
k4−l
+
sin2 θu
k4−u
)
1
T
.
(21)
This shows that the loss current (19) of spin-flipped UCNs equals the loss
per round trip, i.e. for one bounce in the magnetic field.
For comparison with actual experiments we have to average (21) also
over vy. As a measure of vy for a stored UCN we choose its value at the
neutral plane y = y(n), where the gravitational force is compensated by
the magnetic force pushing upward, i.e. where |µn|(dB/dy) = −mg. This
is the plane where the UCNs with the lowest energy for vertical motion
reside. In our field model, a UCN with vertical velocity v
(n)
y = 0 in the
neutral plane floats or moves along the plane at constant speed. In actual
confinement fields as in Ref. 14 they would follow closed or open paths on
the curved neutral surface. For small values of v
(n)
+ the vertical motion is a
classical harmonic oscillation with natural frequency ω0 =
√
dg+/dy, where
g+ = g + (|µn|/m)(dB/dy) is the net downward acceleration. This implies
that for small oscillations about the neutral plane the time for a round
trip becomes T = 2pi/ω0 = 2pi(dg+/dy)
−1/2. For larger vertical velocities
the oscillator potential is strongly anharmonic but the drop height y0, used
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originally as a measure of energy for vertical motion, is unambiguously
determined by v
(n)
+ . Therefore, if we plot the depolarization rate (12) versus
v
(n)
+ , rather than y0, the mean height of this curve in the range from v
(n)
+ = 0
to its maximum value for the stored UCN spectrum directly represents the
average value of depolarization rate for a Maxwell spectrum.
Fig. 3. Ratio between mean depolarization rate, given by Eq. (21), and neutron β-
decay rate, plotted as a function of vertical velocity component v
(n)
+ in the neutral plane
(where the gravitational and magnetic forces are balanced). The curve for B10 = 0.005 T
is plotted to scale (ν = 0) and the curve for B10 = 0.05 T is plotted with magnification
factor 101 (ν = 1). Their difference by about two orders of magnitude shows the strong
suppression of depolarization by a stabilization field of sufficient strength. For a Maxwell
spectrum, the mean height of the curves over the range of the abscissa, from 0 to 2.5 for
B10 = 0.05T and from 0 to 4.7 for B10 = 0.005T, directly determines the average over
the full spectrum.
Such a plot is presented in Fig. 3, where we have normalized v
(n)
+ to
v
(n)
−0 = 2
√
|µn|B(n)/m, the y-velocity for the spin-flipped state on the neu-
tral plane for v
(n)
+ = 0. For y0,max = 45 and vx,max = 3 m/s the mean depo-
larization rate, normalized to the β-decay rate 1/τn, is τn〈τ−1dep〉 = 4× 10−6
for B10 = 0.005 T and about two orders of magnitude less for B10 = 0.05T.
The largest contribution to depolarization originates from UCNs with
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fairly low energy of vertical motion. They move through the field almost
horizontally, with small vertical oscillations about the neutral plane. The
result is plausible since these UCNs spend the largest fraction of time in
the region where the field rotates rapidly in the moving reference frame.
5. Conclusion
We extend the analysis of Ref. 14 to include arbitrary UCN orbits with
lateral velocity components. As a main result of the extension we find that
the lateral x-component of motion in the plane of the Halbach field makes
the dominant contribution to depolarization while the depolarization due
to the vertical motion is insignificant. As a result, some previous estimates
of depolarization probability may have been overoptimistic. For the param-
eters of14 (0.05-0.1 T for B10) we estimate on the basis of Fig. 3 that even
a measurement of the neutron lifetime with precision 10−5 should be pos-
sible (disregarding other potential limitations) but the safety margin may
be smaller than previously expected.
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